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Lattice model results for lamellar phases in slits

M. Tasinkevych and A. Ciach
Institute of Physical Chemistry and College of Science, Polish Academy of Sciences, Kasprzaka 44/52, 01-224 Warsaw, Po

~Received 5 May 1999!

A mixture of oil, water, and surfactant confined between parallel hydrophilic walls is studied close to phase
boundaries between lamellar and uniform phases within a vector lattice model in a mean-field approximation.
Relations between energy and force-distance profiles, and the structure of the confined fluid~given by density
profiles! are found and discussed. For large wall separationsL elastic response to compression or decompres-
sion, accompanied by shrinking or swelling of the periodl of the lamellar phase, is found for lamellar and
induced~by capillary condensation! lamellar phases. Very good agreement with recent experiments is obtained.
For L,4l the system responds to decompression by swelling of the central, either oil- or water-rich layer,
with the layers adsorbed at the surfaces remaining unaffected. The solvation force is very weak and indepen-
dent ofL when the central layer is swollen, and jumps to much larger values when new layers are introduced
into the slit.@S1063-651X~99!02212-6#

PACS number~s!: 68.15.1e, 68.55.2a, 68.60.2p
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I. INTRODUCTION

Confinement has a significant effect on fluids, particula
near continuous or first-order phase transitions@1,2#. In order
to keep the confining walls at a given distanceL, an external
force must be applied. For fluids confined between two p
allel walls this force, per unit area of a confining wall,
called solvation force or disjoining presure@3#, f, and can be
expessed as an excess pressure over the bulk valuep @1#:

f 52
1

A S ]V

]L D
m,T,A

2p, ~1!

V is the grand-thermodynamic potential andA is the surface
area of one wall (A@L2). For simple fluids the solvation
force measured in surface force apparatus experiments@4#
shows oscillatory behavior for separations up to several
ameters of fluid particles@5#, and with the periodicity ap-
proximately equal to one fluid molecular diameter. Oscil
tory f results from the packing effects, which also give rise
highly structured density profiler(z). All structural defor-
mations and/or transitions occurring in confined syste
~capillary condensation, layering! are reflected in the behav
ior of the solvation force. Hence the surface force appara
measurements provide experimental information about
structure and transitions in the confined systems.

Close to the phase transitions the characteristic len
such as a range of correlations or a thickness of a wet
layer become large. As the finite-size effects occur whenL is
comparable to the lengths characteristic for the fluid, clos
the phase transitions one expects finite-size effects forL up
to hundreds of Å . In the case of self-assembling syste
such as copolymers, binary, or ternary surfactant mixtu
lipids, etc., additional lengths, corresponding to the typi
size of the nanostructure, are present. In microemulsions
typical lengths are the size of oil- or water-rich domainsl,
and the distance over which the domains are correlated
lamellar phases the typical lengthl is the period of oscilla-
tions of the concentrations of all the components. Wherea
the case of simple fluids the finite-size effects are relevant
PRE 601063-651X/99/60~6!/7088~10!/$15.00
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small systems~far from phase transitions up to;10 molecu-
lar diameters! in the case of complex fluidsl;10 nm, but
can be as large as 100 nm and the finite-size effects ca
relevant forL;10021000 nm.

Confined lamellar phases have been extensively stu
by surface force apparatus~SFA! measurements@6–11#. The
homeotropic alignment of the lamellar phase was obtai
between SFA surfaces@9#, which therefore impose a strai
on the whole stack of lamellae. The measured force-dista
profile oscillates with a periodicity well correlated with th
period of density modulations of the bulk lamellar phas
Hence the oil- and water-rich domains play on the nanosc
a role similar to particles on the microscale. However, th
are important differences between the complex fluids on
nanoscale and simple fluids on the microscale, related,
example, to compressibility of the water and oil regions. T
experiments show that for sufficiently large wall separatio
the confined stack of lamellae can be approximated b
chain of identical springs. Each spring corresponds to
period of the lamellar phase. When the wall separation
increased from the equilibrium positions by half of the p
riod of the oscillations, the solvation force changes disc
tinuously from the attractive to the repulsive one. This d
continuity corresponds to transitions at which a new lame
layer is introduced between the walls@6,9,11#, and a
stretched structure abruptly changes into a shrunk one.
oscillating solvation force was measured for very largeL, up
to the largest distance for which the measurements were
formed, L52 mm @9#. Moreover, confinement induces th
sponge~or microemulsion! to lamellar phase transition clos
to the phase boundary@11–13#. This phenomenon is an ana
log of the capillary condensation of simple fluids in narro
pores@1,14,15#.

To explain the behavior of the confined system on
phenomenological level one assumes that self-assem
surfactant bilayers or monolayers behave as elastic, und
ing membranes@16#. In this approach the average distan
between the membranes can be determined by either ele
static forces or steric repulsions between the membranes
sulting from undulations@8#. The modulus of compressibility
7088 © 1999 The American Physical Society
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B̄ of the confined system was related to the average dista
between the membranesp, and was found to be proportiona
to (kBT)2, T being the temperature andkB the Boltzmann
constant, and inversely proportional to the membrane rigid
k @16#. The relation approximately consistent with electr
statically stabilized lamellar structure, or with the lamel
phase stabilized by undulations@8,9,17–19# has been found
for different substances. Recent direct measurements s

however, that the experimental points forB̄(p) lie in the
region between the theoretical curves corresponding to
values ofk, which differ by'100% @9#. Moreover, the phe-
nomenological description is approximately valid only f
sufficiently large wall separationsL, equal to several~at least
five! periods of the lamellar structure. The measured so
tion force deviates more and more from the predicted ela
behavior whenL is decreased. ForL,4l the description
based on elastic, undulating membranes is certainly over
plified.

The confined microemulsions and lamellar phases h
been studied within the Landau-Ginzburg approach in R
@20–23#. Discontinuity of the solvation force related to a
insertion of a pair of surfactant monolayers has been
served@22#. In the microemulsion the oscillating density pr
files have been found close to the transition to the lame
phase@21#. Hence the theory qualitatively correctly predic
the key features of the confined self-assembling systems.
small wall separationsL,4l it was found in Monte Carlo
simulations of the Landau-Ginzburg model@24# that a layer
of a disordered fluid, resembling microemulsion, develops
the center of the system@23,25#. However, the relation be
tween the structure and the measurable solvation force
not been studied in these works.

Although there exist microscopic~or quasimicroscopic!
models of ternary surfactant mixtures, neither of them
been applied for studying the effects of confinement yet
such an approach the only assumptions concern the na
and strength of interparticle interactions. The real inter
tions are very complicated. However, the characteristic b
properties of balanced ternary surfactant mixtures are qu
tatively correctly described by simple generic models, su
as the Ciach-Høye-Stell~CHS! model @26#, in which only
crucial properties of amphiphilic interactions are taken in
account. Even the simplest models cannot be solved exa
and one often uses a mean-field~MF! approximation. In this
approach the self-assembling of amphiphiles into mono
bilayers, formation of lamellar phases, undulations of
monolayers leading to smeared average surfactant de
profiles are all results, rather than assumptions, in contra
the phenomenological approaches. The discreteness o
lattice models seems to be their disadvantage. Howeve
the case of swollen lamellar phases, withl.10a, a being
the lattice constant, the discreteness does not play a m
role. On the other hand, the lattice constanta, identified with
the size of amphiphilies, sets a natural physical length sc
For confined systems, particularly for small wall separatio
for which the phenomenological description breaks dow
the existence of a physical length scale is an important
vantage of the model.

With the help of the lattice CHS model one can calcul
the density profiles, the excess free energy and the solva
ce
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force, and determine the relation between them. The res
can be compared with experiments and with the predicti
of the phenomenological theories, by which numerous
sumptions of the latter can be verified. In the case of sm
wall separations (L,4l) there are no predictions for th
relation between the structure of the confined system and
behavior of the solvation force. Such relation is importa
since it enables one to draw conclusions about the struc
from an experimentally measurable quantity. Moreov
within the CHS model one can study relations between
properties of the confined and the bulk systems. In particu
the effect of the bulk metastable phases on the structure
elastic properties of the confined system can be determi

In this work we consider confined uniform and lamell
phases near their phase boundary within the CHS lat
model and address questions listed above. In the next se
we briefly describe the model and the methods of calcu
tions. In Sec. III we discuss the mean-field results for
lamellar and water-rich phases between the walls. Finally
Sec. IV we present a short summary.

II. MODEL

In the CHS lattice model the orientational degrees of fr
dom of the surfactant particles are explicitly taken into a
count. The surfactant particles are represented by unit v
tors pointing in the direction of the polar head groups.
general,M orientations of amphiphiles, uniformly distribute
over a unit sphere can be considered@27#. Every lattice site is
occupied by either oil, water, or an amphiphile in an orie
tation v̂m , m51, . . . ,M , there are thus 21M microscopic
statesr̂ i(x) at every lattice sitex. r̂ i(x)51(0) if thesitex is
~is not! occupied by the statei, wherei 51,2, . . . ,21M de-
notes water, oil, and surfactant in different orientations,
spectively. In the limitM→` the model becomes similar t
the models studied in Refs.@28–30#, in which orientations of
amphiphiles change continuously. Interaction between
amphiphile at sitex and ordinary molecule at sitex8 is pro-
portional to a scalar product between the orientation of
amphiphile and the distance between the particles,x2x8, as
in other lattice vector models@26,28,29,31–34# of surfactant
mixtures.

In the simplest version of the CHS model the orientatio
are restricted to the 2d principal directions of the
d-dimensional simple cubic lattice, i.e.,M52d, and surfac-
tant particles in different orientations are treated as sepa
species. The statesi 5112a,212a (a51, . . . ,d) corre-
spond to a surfactant particle with the polar end point
towards2xath and 1xath directions, respectively. In the
case of oil-water symmetry and in the close-packed sys
the only relevant chemical potential variable is the differen
Dm5m12m3, sincem15m2.

The Hamiltonian of the system confined between t
identical surfacesxd50 andxd5L11, perpendicular to the
d direction, can be written in the following form:

H5
1

2 (
xÞx8

(
i , j

r̂ i~x!Ui j ~x2x8!r̂ j~x8!1(
x

(
i

hi~x!r̂ i~x!

2Dm(
x

@ r̂1~x!1 r̂2~x!#. ~2!
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Here the summations are taken only over the region 0,xd
,L11. Ui j (x2x8) is the interaction energy between pa
ticles of speciesi , j at the sitesx,x8 respectively, andhi(x) is
the surface field acting on the particlei at the sitex. Here we
choose for Ui j (x2x8) the form @35#:

Ui j ~x2x8!5 (
a51

d H 22b~d i1d j 11d i2d j 2!d~x2x82ea!

22c~d i1d j 112a2d i1d j 212a2d i2d j 112a

1d i2d j 212a!@d~x2x81ea!2d~x2x82ea!#

2g (
bÞa

~d i112ad j 112a1d i212ad j 212a

22d i112ad j 212a!@d~x2x81eb!

1d~x2x82eb!#J . ~3!

ea are the unit vectors of the lattice andd is the Kronecker
symbol. All the coupling constants are chosen positiveb
favors separation of oil from water,g favors formation of
surfactant monolayers, andc describes amphiphilic interac
tions. In the simplest, symmetrical version of the modelc is
the attraction between the water and the polar end of
surfactant particles and also between the oil and the nonp
end of the surfactant particles. At the same timec describes
the repulsion between the water and the nonpolar end of
surfactant particles and also between the oil and the p
end of the surfactant particles. If we assume that the surfa
of the external walls are covered by water, then the surf
field hi(x) is a function ofxd and can be written as

hi~xd!52bd i1„d~xd21!1d~xd2L !…2c~d i112d

2d i212d!d~xd21!2c~d i212d2d i112d!d~xd2L !.

~4!

Such a surface field favors formation of the lamellar fi
parallel to the surfaces.

Within the mean-field~MF! approximation the micro-
scopic configurationsr̂ i(x) occur with a probability propor-
tional to the Boltzmann factor

expF2
1

kBT (
x

(
i

H f i~x!F r̂ i~x!2
1

2
r i~x!G

2@m i1hi~x!#r̂ i~x!J G , ~5!

wheref i(x)5(x8( jUi j (x2x8)r j (x8) is the mean field and
r i(x) is the MF average ofr̂ i(x). The grand-thermodynami
potential in MF takes the form

V~t,m,L !5(
x

(
i

r i~x!S t ln@r i~x!#

1
1

2
f i~x!1hi~xd!2m~d i11d i2! D , ~6!
e
lar

he
ar
es
e

where t5kBT/b is the temperature in the energy unit,m
5Dm/b, andV is also measured in units ofb. The distance
in Eq. ~6! is measured in units of the lattice constant,a
;25 Å , comparable to the size of amphiphiles.

The equilibrium densitiesr i(x) correspond to the globa
minimum of the thermodynamic potentialV. In practice,
however, we can only determine the densities correspond
to local minima ofV by solving the set of the self-consiste
equations:

r i~x!5

expS 2
1

t
@f i~x!1hi~xd!2m~d i11d i2!# D

(
j

expS 2
1

t
@f j~x!1hj~xd!2m~d j 11d j 2!# D .

~7!

There are many local minima ofV, corresponding to uni-
form phases anda-dimensional periodic structures. In th
present work we restrict our attention to the lamellar phas
The lamellar phase confined between two parallel walls u
ally attains the homeotropic orientation, in which the lam
lae are parallel to the walls. In this case the direction perp
dicular to the walls is distinguished and the in-pla
orientational degrees of freedom turn out to be irreleva
Thenr i(x)°r i(z) and

f i~x!°f i~z!522~d21!$bd i1r1~z!1bd i2r2~z!

1g~d i32d i4!@r3~z!2r4~z!#%

1 (
z851

L

(
j

Ui j ~z2z8!r j~z8!, ~8!

where we simplified the notation by introducingz
[xd ,r3(z)[r112d(z),r4(z)[r212d(z). The first term in
Eq. ~8! is the in-plane energy contribution, and

Ui j ~z2z8!522b~d i1d j 11d i2d j 2!d~z2z811!

22c~d i1d j 32d i1d j 42d i2d j 3

1d i2d j 4!@d~z2z811!2d~z2z821!#

~9!

is the interaction energy of the 1d version of the CHS mode
used in Ref. @36#. For the lamellar phases the gran
thermodynamic potential takes the form

V l~t,m,L !5A(
z51

L

(
i

r i~z!H t ln@r i~z!#

1
1

2
f i~z!1hi~z!2m~d i11d i2!J , ~10!

with A being the area of the confining surface.
We solve Eq.~7! by means of numerical iterations startin

from initial conditions of three types. The first two corre
spond to the uniform water-rich phase~in the case of hydro-
philic surfaces! and to microemulsion. The third type con
sists of one-dimensional oscillations of different periods. W
assume that the initial local densities are either 1 or 0.
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To study the structural deformations of the system c
fined between surfaces of areaA we calculate the exces
quantitys, given ~in units of b) by

s~t,m,L !5
1

A
V l~t,m,L !2Lvb~t,m!. ~11!

The grand-thermodynamic potential of the bulk system
lattice site,vb , is calculated by using periodic bounda
conditions in systems of various sizes, which correspond
one, two, or more periods of an infinite periodic structure.
this way we can obtain metastable structures with peri
which are rational numbers. The lowest thermodynamic
tential per lattice site corresponds to the stable phase
determines the period of the structure.s is the effective in-
teraction energy per unit area between the walls plus a t
independent ofL and related to the total wall-fluid interfacia
tension. Then2]s/]L is the solvation force needed to he
the walls at the separationL.

III. MEAN-FIELD RESULTS

A. d51 case

The phase diagram of the one-dimensional system
calculated in Ref.@36#. It was found that forc/b51 the
swollen lamellar phase coexists with uniform water-/oil-ri
phases~water-oil symmetry was assumed! at low surfactant
concentration (rs;0.12). Because the discreteness of
model should not play an important role for the swoll
lamellar phases (l;10), we first study the structural defo
mations of the confined swollen lamellar phases in the o
dimensional version of the CHS model.

1. Swollen lamellar phases

Swollen lamellar phases are stable close to the coe
ence with the water-rich phase~in the case of hydrophilic
surfaces!. We choose the thermodynamic variables (t,m)
[(kBT/b,Dm/b) such thatt50.84 andum2mcoexu50.003;
for this thermodynamic state the swollen lamellar phase w
the period of densities oscillationsl513 is stable.

The excess thermodynamic potential per unit areas and
the solvation forcef are shown in Fig. 1. The behavior ofs
and f, as well as the structure of the confined system
different for the shortL,19 (L,3/2l), the intermediate
19,L,54 (3/2l,L,4l), and the largeL.54 (L.4l)
wall separations. We discuss the three cases separately

Short surface separations. For surface separationsL
,6 (L,l/2) the water-rich phase with average water de
sity 15–20 % higher than in the bulk lamellar phase is sta
in the slit @see Fig. 2~a!#. For larger surface separations o
observes enhancement of the surfactant density at the
faces@see Fig. 2~b!#. The structure of the surface surfactan
rich films remains almost unaffected by further increase
the surface separation forL,18 (L,3/2l). For the separa-
tions up toL518 the oil-rich film is formed between th
surfactant films adsorbed at the surfaces@see Fig. 2~c!# and
the interaction energy between the surfaces correspond
the first minimum of thes @see Fig. 1~a!#. The shape of the
energy agrees qualitatively with the measured repulsive
dration fluctuation and attractive van der Waals forces
-
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water between surfaces coated by bilayers of the uncha
lipids @37#. Further increase of the surface separation lead
formation of the first lamellar layer@see Fig. 2~d!#.

Intermediate surface separations. For the surface separa
tions 19,L,54 (3/2l,L,4l), for which the number of
adsorbed layers isN<3, the stretch strain of layers releas
by formation of the uniform water-rich film forN51,3 @see

FIG. 1. ~a! Excess thermodynamic potentials @in units of
b/a2, b is the strength of the water-water~oil-oil ! interaction#, Eq.
~11!, as a function of the wall separation measured in units of
lattice constanta. ~b! Solvation forcef ~in units of b/a3) as a
function of the wall separation. The thermodynamic variablest, m
and the material constantc of the one-dimensional system corre
spond to stability of the swollen lamellar phase withl513a (t
50.84,m50.774,c/b51); the distance from the first-order trans
tion between the water-rich and the lamellar phases isum2mcoexu
50.003. Walls are covered by water. Dashed lines are to guide
eye.

FIG. 2. One-dimensional system in the case of small wall se
rations measured in units of the lattice constanta, L,19. ~a! The
density distribution of water for the separationL55. The solid line
is the average water density in the bulk lamellar phase for the s
values oft,m,c. ~b! The density distribution of the surfactant,rs

5r31r4 for the separationL518. Note the surfactant-rich surfac
films. ~c! The density distribution of oil forL518. the solid line is
the oil density in the bulk lamellar phase for the same conditio
~d! The density of the water for the wall separationL519. The
thermodynamic variablest, m and the material constantc are the
same as in Fig. 1. Walls are covered by water. Dashed lines a
guide the eye.
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Fig. 3~a!#, and oil-rich film for N52 @see Fig. 3~b!# in the
middle of the slit. Similar phenomena were observed
simulations of the confined Landau-Ginzburg model with
single order parameter@23,25#. The formation of the uniform
films inside the slit is reflected in the saturatedlike behav
of s and considerably lowf for the corresponding surfac
separations, seeL around 52,40,27 in Fig. 1. For small de
viations from the equilibrium separations the elastic behav
of the confined lamellar phase can be observed, seL
'21,34,46 in Fig. 1.

Large surface separations. For large separations betwee
surfaces,L.53 (L.4l), the lamellar phase with the num
ber of layersN>4 is formed. The abrupt changes of th
interaction energy per unit areas and the solvation forcef
when the distance between the surfaces increases, corres
to the insertion of a new lamellar layer between the surfac
that isN is increased by 1. Between two subsequent tra
tions s has a minimum atL5LN , which corresponds to the
equilibrium surface separation and vanishing solvation fo
f. For such separations the structure of the confined flui
equivalent to the structure of the bulk phase, namely, it
the same period of the densities oscillations. Decreasin
increasing the wall separation with respect toL5LN , such
that the number of adsorbed layersN stays constant (LN
2l/2,L,LN1l/2), leads to the repulsive,f .0, or attrac-
tive, f ,0 force between the surfaces, respectively.f .0 cor-
responds to the shrunk lamellar structures stabilized by c
fining surfaces; the period of densities oscillationsl is
smaller than in the bulk phase, see Fig. 4~a!. On the other
hand, f ,0 appears as a consequence of stretched lam
structures, see Fig. 4~b!, with the period of oscillations
greater than in the bulk.

The subsequent energy minima ofs are well approxi-
mated by parabolic curves, even for quite large deviati
from L5LN . The second derivative ofs with respect toL
calculated atL5LN , B5s9(LN), is well approximated by a
straight line as a function of 1/N @see Fig. 5~a!#. Hence the
response of the system to compression or decompressi
elastic, and analogous to the behavior of a series of iden
joined springs. The elastic constantB̄ is related toB by B̄

FIG. 3. One-dimensional system in the case of intermediate
separations, 18,L,54. The thermodynamic variablest, m and
the material constantc are the same as in Fig. 1. Walls are cover
by water.~a! The density distribution of water between walls for th
separationL529. ~b! The density distribution of oil between wall
for the separationL539.
n
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52LNB, whereB is calculated atLN andLN is the thickness

of the system at zero stress@9#. We obtain B̄
50.003(kBT/a3). This finding is in accordance with the ex
perimental results of Refs.@9,12#. The compressibility modu-
lus measured in Ref.@9# for different volume fractions of
surfactant ranges from 0.003 to 0.027, when expresse
units of kBT/e3 (e is the thickness of the membrane and
equal to 1.9 nm for the system studied in Ref.@9#!. For large
wall separations,L.4l, our description gives thus result
consistent with experiments, both for the qualitative bahav
as well as for the range of order of the measurable quanti

ll FIG. 4. One-dimensional system in the case of large wall se
rations, L.53. ~a! the density distribution of water between th
walls for the separationL554. The period of the density oscilla
tions is 11.~b! The density distribution of water for the wall sepa
rationL565. The lamellar phase is stretched with the period of
oscillations equal to 13.75. The thermodynamic variablest, m and
the material constantc are the same as in Fig. 1. Walls are cover
by water.

FIG. 5. The subsequent minima ofs are fitted by quadratic
curves,B(L2LN)2, whereLN is the equilibrium separation forN
adsorbed layers andB is the coefficient in the fitting curve to the
Nth minimum. ~a! B @in units of b/a4, b is the strength of the
water-water~oil-oil ! interaction anda is the lattice constant# as a
function of the inverse number of adsorbed layers 1/N. The ther-
modynamic variablest, m and the material constantc are the same
as in Fig. 1. ~b! B ~in units of b/a4) obtained for the induced
lamellar phases as a function of the inverse number of adso
layers 1/N. The parameterst, m, andc correspond to the stability o
the water-rich phase (t50.84,m50.778,c/b51). The distance
from the first-order transition to the swollen lamellar phase isum
2mcoexu50.001. Dashed lines are linear fits.
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In our approachB̄ is calculated within the MF approxi
mation for a quasimicroscopic lattice model, with no furth
assumptions concerning, for example, self-assembling of
surfactants, elastic properties and types of deformation
surfactant layers. The deformations of the equilibrium st
occur in our theory with a probability given by Eq.~5!. As
the surfactant density profiles are smeared~see Fig. 4!, the
probabilities of the displacements of the surfactant mono
ers from their equilibrium positions appear to be quite lar
The displacements may correspond, among others, to the
dulations considered in the phenomenological approach.
can verify whetherB̄ andl calculated in our theory satisf
the relation obtained for a stack of confined elastic me
branes in Refs.@16,17,38# which reads

B̄5
9p2~kBT!2p

64k~p2e!4
, ~12!

where p5l/2 is the reticular spacing,e is the membrane
thickness which in our case equals 1, andk is the membrane
bending rigidity.

B̄ as a function ofp is shown in Fig. 6~open circles!. Our
results lie between two lines correponding toB̄ calculated
according to formula~12! for k52.9kBT and k54.3kBT.
Experimental results for sodium bis~2-ethylhexyl! sulfosuc-
cinate and brine, atT525° C lie between the lines given b
Eq. ~12! for k50.5kBT andk53kBT @9#. In the experimen-
tal system the thickess of the surfactant layer is 1.9 nma
'1.9 nm). In our dimensionless units the reticular spac
in experimental and model systems are similar~see Fig. 6
here and Fig. 8 of Ref.@9#!. The agreement is quite good—
please note that we consider MF approximation for the o
dimensional version of the lattice model. Different su
stances in our model are characterized by different value
the interaction parameterc. The elastic properties depend o
c and for different substances different values will be o
tained. It is remarkable that the orders of magnitude of
elastic constants in the confined model and experimantal

FIG. 6. Compressibility modulusB̄ ~in units of kBT/a3), of the
swollen lamellar phases as a function of the average distance
tween the surfactant monolayers,p5l/2, in the one-dimensiona
system. The behavior expected from the phenomenological des
tion Eq. ~12! is shown for two values ofk: 2.9kBT ~solid line!,
4.3kBT ~dashed line!.
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tems are the same if the periods of the bulk lamellar struc
in our dimensionless units in the model and experimen
systems are the same.

Both experiments and our calculations show that the p
nomenological theory is valid only approximately and the
are substantial deviations from its predictions. It means t
the membrane undulations are the most relevant defor
tions of the ideal lamellar structure, but the contributio
from different deformations are not negligible.

2. Water-rich phase

Here we study the effect of confinement on the unifo
solution. We choose the thermodynamic variables close
the coexistence with a swollen lamellar phase,um2mcoexu
50.001. s and f calculated as functions of the wall separ

e-

ip-
FIG. 7. ~a! The excess thermodynamic potentials @in units of

b/a2, b is the strength of the water-water~oil-oil ! interaction# as a
function of the wall separation measured in unit of the latt
constanta. ~b! The solvation forcef ~in units ofb/a3) as a function
of the wall separation. The thermodynamic variablest, m and
the material constantc of the one-dimensional system correspo
to the stability of the water-rich phase, close to the coexiste
with the swollen lamellar phase (t50.84,m50.778,c/b51,
um2mcoexu50.001). Walls are covered by water.

FIG. 8. ~a! Density distribution of water between walls for th
separationL538 ~the third minimum in the Fig. 7!. ~b! Density
distribution of water between walls for the separationL540. For
such density distributions the solvation force vanishes. The par
eters are the same as in Fig. 6 (t50.84,m50.778,c/b51,
um2mcoexu50.001).
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7094 PRE 60M. TASINKEVYCH AND A. CIACH
tion are shown in Fig. 7. For small surface separations
sequence of structures formed inside the slit is similar to
obtained in the lamellar phases; the water-rich phase is st
for L,6, then surfactant layers are adsorbed at the surfa
for L56 and the oil-rich phase stabilizes between the lay
up to the separationL519. The subsequent minima ofs
correspond to the transitions when the lamellar phase w
increasing number of layers is formed between the surfa
see Fig. 8~a!. The values of the surface separations for wh
the solvation force is zero correspond to the structures sh
in Fig. 8~b!, when the water-rich phase is formed inside t
slit. The induced lamellar phases also show the elastic
sponse to the confinement. In contrast to the case of
lamellar phases, the elastic response occurs only for s
deviations from equilibrium separations, see Fig. 5~b!. The
elastic constantB̄ is B̄'0.002kBT/a3, and the membrane
rigidity k calculated according to Eq.~12! is ;3.67kBT.
Again, we obtain the same orders of magnitude as in exp
ments@12#.

In all the considered cases the equilibrium bulk densi
were identified with the self-consistent solutions of the b
analog of the set of Eq.~7! (hi50, periodic boundary con
ditions! giving the lowest value of the bulk grand
thermodynamic potential per lattice site. However, vario
local minima of the bulk thermodynamic potential also s
isfy the same set of equations and correspond to metas
states. When the swollen lamellar phase with period 13
stable in the bulk, the values of the thermodynamic poten
of the metastable phases with somewhat smaller or la
periods or of the water-rich phase are only slightly grea
~relative difference;1025) from the equilibrium value. The
same is true when the water-rich phase is stable in the b
Therefore the bulk metastable phases whose periods
commensurate with the surface separations become stab
the slit in our model. In the case ofL andl incommensurate
with each other the increase ofV corresponding to deforma
tions of the structure is larger than the difference betweenV
corresponding to the stable and the metastable phases,
period of the latter is commensurate withL.

3. Shrunk lamellar phase

In the system withc54 the bulk lamellar phase wa
found to be shrunk. The period of densities oscillations
always equal to 4. Close to the coexistence between
lamellar and the microemulsion phases only one metast
phase occurs apart from the other, stable one. This g
qualitatively different energys and solvation forcef profiles.

The total wall-liquid interfacial tensions and its part in-
dependent ofL were calculated in Ref.@39#. Here we calcu-
late the linear excess thermodynamic potentialD(L) as a
difference between the two quantities.D(L) calculated in the
region of stability of the shrunk lamellar phase, close to
coexistence with the microemulsion, is shown in Fig. 9. T
minima of D(L) occur for surface separationsLN commen-
surate with the period of densities oscillationsl54 and cor-
respond toN lamellar layers adsorbed in the slit. For th
intermediate separations the adsorbed phases are defo
and the deformations are located at the midplane of the
For the separations up toL522 the microemulsion films are
formed in the middle of the slit, see Fig. 10~a!, while for
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larger separations the strain releases to some extent by
ating the lamellar films with suppressed amplitude, see F
10~b!. The discreteness of the model does not allow for f
ther release of applied strain and as a consequenceD(L)
does not approach zero with increasingL. Please note that in
experiments of Ref.@9# the oscillating solvation force wa
observed for all the measured distances, up toL51000 in
our dimensionless units.

B. d53 case

s calculated ford53 and the thermodynamic variable
t,m and the material constantsc,g corresponding to the sta
bility of the swollen lamellar phase with the period equal
12 is shown in Fig. 11~a!. All the structural deformations o
the lamellar phase present in the one-dimensional sys
also hold in three dimensions, and no other deformati
occur. For surface separationsL,5 (L,l/2) the water-rich
films are induced by confinement, Fig. 12~a!. The surfactant-
rich surface films of thickness 4@see Fig. 12~b!# occur first
for the separationL55 and are separated by the oil-ric
phase for the separations up toL514 @see Fig. 12~c!#. The
first lamellar layer develops for the separationL515
~slightly larger thanl) as shown in Fig. 12~d!.

For the intermediate surface separations, 15,L,51
~when the number of layers isN<3), the system releases th
stretch strain by forming the uniform film at the midplane

FIG. 9. Linear excess thermodynamic potentialD ~in units ofb)
as a function of the wall separation in the one-dimensional ca
The thermodynamic variablest, m and the material constantc cor-
respond to stability of the shrunk lamellar phase with the period
density oscillations equal to 4a (t52.8,m54.32,c/b54). Solid
line corresponds to vanishingD.

FIG. 10. Density profiles of water between water-covered wa
for parameterst52.8, m54.32, c54 ~in units of b) ~a! L522
and ~b! L534.
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the slit. This effect is less pronounced than in the o
dimensional case. The system also shows the elastic resp
to compression when the period in the confined system
smaller than in the bulk@Fig. 13~a!# and decompression
when the period is larger@Fig. 13~b!#.

The elastic constantB̄ as a function ofp5l/2 is shown in
Fig. 14 ~open circles! together with the phenomenologic
curves~12! for two values ofk, between which our result
are located. We can compare our results with the experim
tal results for sodium bis~2-ethylhexyl! sulfosuccinate and
brine atT525° C, as we already did ford51. In our dimen-
sionless units~length measured in units of the length of th
amphiphilea, andB̄ measured in units ofkBT/a3) the peri-

FIG. 11. The excess thermodynamic potentials @in units of
b/a2, b is the strength of the water-water~oil-oil ! interaction# as a
function of the wall separation in the three-dimensional case w
water-covered walls.~a! The thermodynamic variablest, m and
the material constantsc,g correspond to the stability of the swolle
lamellar phase with the period equal to 12 lattice constantt
52.8,m54.76,c/b52.5,g/b50.5). ~b! The parameters correspon
to the stability of the water-rich phase (t52.8,m54.82,c/b
52.5,g/b50.5).

FIG. 12. The regime of small wall separations,L,15, in the 3D
case. The values oft, m, c, andg correspond to the swollen bul
lamellar phase, as in Fig. 11~a!. ~a! The density distribution of wate
between walls for the separationL54. Solid line corresponds to
average water concentration in the bulk lamellar phase.~b! The
density distribution of surfactant for the separationL514. ~c! The
density distribution of oil for the wall separationL514. Solid line
is the oil concentration in the bulk lamellar phase.~d! The density
of water for the separationL515.
-
nse
is

n-

ods of the lamellar phase are in the same range in the m
and in the experimental systems, and the values ofB̄ andk
in the model and experiment agree very well~compare Fig.
14 here and Fig. 8 in Ref.@9#!. Hence, once the model pa
rameters are choosen such that the dimensionless perio
the bulk lamellar phase is the same as in the experiment
elastic properties of the confined model and experime
systems agree quantiatatively very well. Given the simpl
cations of the model interactions and the MF approximati
the agreement between the theory and the experiment i
markable.

The energy-distance profile corresponding to the stab
of the water-rich phase and close to the coexistence with
swollen lamellar phase is shown in Fig. 11~b!. In the 3d
system confinement induces only one lamellar layer, see
15~a!, for appropriate wall separations, while for largerL the
water-rich phase is formed in the middle of the slit, see F
15~b!.

IV. SUMMARY

In this work we applied the lattice CHS model of terna
surfactant mixtures for studying the effects of confineme

h

FIG. 13. The densities of water for large wall separation,L
.50, are shown for~a! the wall separationL551 and~b! the wall
separationL561. The values of parameters are the same as in
11~a! (t52.8,m54.76,c/b52.5,g/b50.5).

FIG. 14. Compressibility modulusB̄ ~in units ofkBT/a3) of the
swollen lamellar phases as a function of the average distance
tween surfactant monolayers,p5l/2 ~in units of a) in the three-
dimensional system. The behavior expected from the phenom
logical prediction is shown for two values ofk @Eq. ~12!# 0.5kBT
~solid line!, 0.6kBT ~dashed line!.
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7096 PRE 60M. TASINKEVYCH AND A. CIACH
We concentrated on a slit geometry and hydrophilic wa
and we calculated densities, excess grand-thermodynam
potential, and solvation force in lamellar and uniform pha
within the MF approximation. In our approach the only a
sumptions concern the interparticle interactions and in
the correlations between fluctuations are neglected. We
sider a highly simplified model, in which a single dimensio
less parameter,c/b, characterizes the strength of the am
phiphilic interactions, that is, it specifies the system.
assumptions concerning the structure of the confined sys
are made.

For large wall separations we obtain results which are
very good agreement with the results of recent experime
We find elastic behavior of the confined lamellar phas
predicted also by membrane theories. The elastic respon
compression or decompression is accompanied by shrin
or swelling of the period of the lamellar phase, whose str
ture is practically the same throghout the slit. Moreov
once the model parameters are choosen so that the peri

FIG. 15. ~a! Density of water for the wall separationL520
showing the ‘‘capillary condensation’’ of one lamellar layer.~b!
Density of water for the wall separationL531 showing that the
water-rich film is formed inside the slit. The parameters corresp
to stability of the water-rich phase as in Fig. 11~b! (t52.8,m
54.82,c/b52.5,g/b50.5).
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the bulk lamellar phase~in units of the thickness of the sur
factant monolayer! is in the same range as in the experime
tal system, then our results for elastic properties of the c
fined system agree quantitatively with experiments. T
predictions of membrane theories agree only approxima
with both our results and experiments. This suggests tha
addition to undulations other configurations, such as p
sages between neighboring membranes are relevant. W
similar results for induced~‘‘capillary condensation’’! lamel-
lar phases.

For intermediate and short wall separationsL,4l we
find the relation between the structure of the confined lam
lar phase and the solvation force. WhenL is increased the
central layer, either oil or water rich, swells, where
surfactant-rich~or lamellar forL.2l) layers adsorbed at th
surfaces remain almost unchanged. The solvation forc
very weak and almost independent ofL when the central
layer is swollen. WhenL becomes sufficiently close to bein
commensurate withl, new surfactant monolayers are intro
duced into the slit and the solvation force jumps to a mu
larger value. This behavior is essentially different from t
elastic behavior forL.4l accompanied by swelling o
shrinking of the period of the lamellar phase. Now the s
tem responds to compression or decompression by shrin
or swelling only the central, disordered layer, whereas
surfactant-rich~or lamellar forL.2l) layers adsorbed at th
surfaces remain almost unaffected. For some wall sep
tions we find a swollen oil-rich layer in the middle of the sl
In such cases the density of oil in the slit is higher than in
bulk, despite the hydrophilic walls.

The results obtained in the one- and three-dimensio
versions of the CHS model are qualitatively the same. T
quantitative agreement with experiments in the 3d case is
better.
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